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In this paper, the analogy of Bol’s result to the several variable function case is
discussed. One shows how to construct Siegel modular forms and Jacobi forms of
higher degree, respectively, using Bol’s result. © 2001 Academic Press
1. INTRODUCTION
The classical theory of period of modular forms gives a rich structure
of arithmetic of modular forms with connections such as the values of
L-functions and indeﬁnite binary quadratic forms. The concept of the
period of modular forms, which is known as the Eichler–Shimura map, has
been developed and generalized by considering a converse of Bol’s result
(see, for instance, [9–11]).
In this paper, the analogy of Bol’s result to the several variable function
case is discussed using the generalized heat operator and determinant dif-
ferential operator. Applying Bol’s result to Jacobi forms and Siegel modular
forms, we show how to construct Siegel modular forms and Jacobi forms
with different weights, respectively.
1This research was partially supported by BK21 Program and POSTECH Research
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2. NOTATIONS AND DEFINITIONS
Let n be the Siegel upper half plane and Sp2n be a symplectic group,
n = W ∈Mn×n  W t = W ImW  > 0
and
Sp2n =
{
M ∈M2n×2n MtJM = J J =
(
0 −In
In 0
)}

Sp2n acts on n as
M
W  = AW + BCW +D−1
for any W ∈ n and M =
(
A B
C D
)
∈ Sp2n .
Let nθ be a subgroup of the symplectic group Sp2n such that
nθ =
{
M =
(
A B
C D
)
∈ Sp2n  ACt BDt are even
}

It is known that nθ is generated by the matrices [8]
tU =
(
U 0
0 U∗
)
 U ∈ GLn U∗ = Ut−1
uS =
(
In S
0 In
)
 even S = St
(
Er Er − In
In − Er Er
)
 Er =
(
Ir 0
0 0
)
 r = 0 1     n− 1
We ﬁrst state the following lemma concerning the generators of the group
nθ.
Lemma 2.1. Deﬁne, for each positive integer µ, 1 ≤ µ ≤ n, an embedding
ρµ  1θ → nθ by
ρµ
((
a b
c d
))
=
(
In + a− 1Eµµ bEµµ
cEµµ In + d − 1Eµµ
)

where Eµµ is the n× n matrix with entries Eµµi  = δµ iδµ  . Then
ρµ
((
0 −1
1 0
))
 1 ≤ µ ≤ n
uS =
(
In S
0 In
)
 S = St even
tU =
(
U 0
0 U∗
)
 U ∈ GLn U∗ = Ut−1
generate the group nθ.
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Proof. This follows from the fact that, for each r, r = 0 1     n− 1,(
Er Er − In
In − Er Er
)
=
n∏
µ=r+1
ρµ
((
0 −1
1 0
))

3. AN ANALOGY OF BOL’S RESULT OF
THE FUNCTIONS ON n × j n
We now give a theory analogous to that of Bol for the multivariable
function using heat operators. We apply Bol’s result to Jacobi forms of half-
integral weight with higher degree to construct those forms with different
weights. The following notations were introduced by Ziegler [14] to study
Jacobi forms of higher degree.
Consider the Heisenberg group
H
n j
 = λµ %  λµ ∈Mj×n % ∈Mj×j %+ µλt
= %+ µλtt
which is a group with the composition law
λµ % ◦ λ′ µ′ %′ = λ+ λ′ µ+ µ′ %+ %′ + λµ′t − µλ′t
The mapping
λµ % →


In 0 0 µt
λ Ij µ %
0 0 In −λt
0 0 0 Ij


deﬁnes an embedding of Hn j into Sp2n+j. Now the group Sp2n
acts on Hn j by multiplication from the left,
λ µ % ·M = λµ ·M%
So we can deﬁne the Jacobi group Gn j = Sp2nHn j with the asso-
ciated composition law
Mζ · M ′ ζ ′ = MM ′ ζM ′ ◦ ζ ′
It can be veriﬁed that Gnj acts on n × j n as a group of automor-
phisms. The action is given by
M λµ % · τ z = M
τ z + λτ + µCτ +D−1
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where M = (A B
C D
)
. As usual, we recall the automorphy factor
jnMW  =
θnM
W 
θnW 

where θnW  =
∑
p∈n e2πip
tWp, W ∈ n. Note that the theta series
θnW  satisﬁes the transformation law θnM
W  = χnM detCW +
D1/2θnW  for any M =
(
A B
C D
) ∈ nθ, where χnM is one of the eighth
roots of unity depending only on M (see [1]). For a holomorphic function
f  n × j n →  and any integer k, slash operators are deﬁned as
f k+ 12 jMτ z = detCτ +D
−kjnMτ−1e−2πiσ
jzCτ+D−1Czt
× f M
τ zCτ +D−1
and
f jζτ z = e2πiσ
jλτλt+2λzt+%+µλtf τ z + λτ + µ
where M = ( ∗ ∗
C D
) ∈ Sp2n ζ = λµ % ∈ Hn j , half-integral positive
deﬁnite j ∈Mj×j. Here, σM denotes the trace of M .
We deﬁne a heat operator which acts on the space of holomorphic func-
tions on n × j n.
Deﬁnition 3.1 (Heat Operator). Take a positive deﬁnite matrix j ∈
Mj×j. The heat operator Lj is given as
Lj = det
(
4πij
(
∂
∂τ
)
−
(
∂
∂z
)t
˜j
(
∂
∂z
))

where (
∂
∂τ
)
=
(
1+ δuv
∂
∂τuv
)
 τ = τuv1≤u v≤n ∈ n(
∂
∂z
)
=
(
∂
∂zuv
)
 z = zuv1≤u≤j 1≤v≤n ∈ j n
and j is the determinant of j, ˜j = ˜juv , ˜juv is the cofactor of
the u vth entry of j for j ≥ 2, and ˜j = 1 when j = 1.
Example 3.2. When n = 1 and j = 1, then L1 is the classical heat
operator
Lm = 8πim
∂
∂τ
− ∂
2
∂z2
 1 = m
When n = 1 and j = 2, then
L2 = 8πi2
∂
∂τ
−
2∑
i=1
2∑
 =1
˜
2
i 
∂2
∂zi∂z 
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When n = 2 and j = 1, then
Lm = det
(
4πim
(
2∂τ1 ∂τ2
∂τ2 2∂τ3
)
−
(
∂2z1 ∂z1∂z2
∂z1∂z2 ∂
2
z2
))

where τ = (τ1 τ2
τ2 τ3
)
 z = z1 z2t 1 = m.
We have the following general lemma.
Lemma 3.3. Let f  n × j n →  be a smooth function, k be an
integer, and j ∈ Mj×j. Then, for each integer µ 1 ≤ µ ≤ n, and ρµ in
Lemma 2.1,
(1) One has(Ljf k+ 12+2jρµM)τ z
= Lj
(
f k+ 12 jρµMτ z
)+ 8πij(
k+ 1
2
− n+ j − 1
2
)(
c
cτµµ + d
)
×Lµµ
j f k+ 12 j ρµMτ z
(2) In general, for each nonnegative integer  , one has(L 
jf k+ 12+2 jρµM
)τ z
=
 ∑
ν=0
(
 
ν
)
αn j +  
αn j + ν
(
8πij c
cτµµ + d
) −ν(
L
µµ
j
) −ν
Lν
j
× f k+ 12 jρµMτ z with αn j = k+
1
2 −
n+ j − 1
2

for all M ∈ 1θ where τ = τ ν. Here Lµµj is the differential operator
given by the sub-determinant of Lj with the µth row and the µth column
removed when j ≥ 2 and L1 1
j = 1 when j = 1.
(
L
µµ
j
) −ν denotes the
 − νth iteration of Lµµ
j and the gamma function ν + 1 = ν! with
integer ν.
Proof. This can be proved by induction on  , so we omit the detailed
proof.
The following states the analogy of Bol’s result.
Theorem 3.4 (Bol’s Result of the Function on n × j n). Let f 
n × j n →  be a smooth function and n+ j even. Let  ∈ Mj×j be
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any positive deﬁnite half integral matrix. For any nonnegative integer r and
each integer µ 1 ≤ µ ≤ n,
Lr+1 f r+ n+j−12 +2ρµM = L
r+1
 f −r+ n+j−12 ρµM
Here, L is a heat operator deﬁned in Deﬁnition 3.1 and L
r
f denotes the
r-composition LL · · · Lf  · · ·.
Proof of Theorem 3.4. Letting  = r + 1 k = −r − 12 + n+j−12 in
Lemma 3.3, the theorem is obtained.
To apply Bol’s result to obtain Jacobi forms of higher degree we recall
the deﬁnition of Jacobi forms of higher degree.
Deﬁnition 3.5 (Jacobi Form of Half Integral Weight). Let k be a non-
negative integer and  ∈Mj×j be a positive deﬁnite half-integral matrix.
A holomorphic function f  n × j n →  satisfying
f k+ 12 Mτ z = f τ z ∀ M ∈ nθ (3.1)
f ζτ z = f τ z ∀ ζ ∈ Hn j (3.2)
and having a Fourier expansion of the form
f τ z = ∑
N=Nt≥0
N half−integral∈Mn×n
∑
R∈n j
cNRe2πiσNτe2πiσRz (3.3)
which cNR = 0 only if ( N 1/2R1/2Rt  ) ≥ 0 is called a Jacobi form of
weight k+ 12 and index . We denote the vector space of all Jacobi forms
of weight k+ 12 and index  ∈ Mj×j on nθ by Jkj nθ. When
there is no confusion on the size of , we denote Jknθ instead of
Jkjnθ.
So, we can state the following result.
Corollary 3.6 (Bol’s Result on Jacobi Forms). Let f be a Jacobi forms
of weight −r + n+j−12 and index  ∈Mj×j with degree n on nθ. Assume
n+ j is even. Then Lr+1 f is a Jacobi form of weight r + 2+ n+j−12 with index
 of degree n on nθ.
Proof. From Lemma 2.1, it is enough to check the ﬁrst functional
Eq. (3.1),
Lr+1 f r+2+ n+j−12 ρµMτ z = L
r+1
 f τ z ∀ρµM 1 ≤ µ ≤ n
and it follows directly from Theorem 3.4 To check the second func-
tional equation (3.2), one notes that for any ζ = λµ % ∈ Hn j  f ∈
Jk+1/2j nθ,
Lj f jζτ z = Lj f jζτ z
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because, for the µ νth component of the matrix 4πij ∂
∂τ
 −
 ∂
∂z
t˜j ∂
∂z
 and any holomorphic function g satisfying the functional
equation
gτ z = e2πiσλτλt+2λzt+%+µλtgτ z + λτ + µ
we have that(
4πij
(
∂
∂τ
)
−
(
∂
∂z
)t
˜j
(
∂
∂z
))
µν
gjζ
)
τ z
=
(
4πij
(
∂
∂τ
)
−
(
∂
∂z
)t
˜j
(
∂
∂z
))
µν
gjζτ z
One can also check the Fourier expansions.
Remark 3.7. Theorem 3.4 and Corollary 3.6 are also true for every pos-
itive integer n+ j (whether n+ j even or odd) as long as the slash operator
is deﬁned properly. This means that one can have an analogy of Bol’s result
on Jacobi forms on the other groups. In particular, the case when f is an
elliptic Jacobi form of the integral weight on the group Sp2 = SL2,
i.e., when n = 1 j = 1, has already been studied in [6], where the connec-
tion with the period of elliptic modular forms has been explored.
4. ANALOGY OF BOL’S RESULT TO THE FUNCTIONS ON n
In this section, we state the relation between the heat operator and the
determinant differential operator using the Jacobi Fourier expansion of
Siegel modular forms of higher degree. An analogy of Bol’s result using
a determinant differential operator is obtained and used to construct the
Siegel modular forms.
Deﬁnition 4.1 (Siegel Modular Form of Half Integral Weight). We
denote the vector space of Siegel modular forms of weight k + 12 with
degree n on nθ as Mk+ 12 nθ; let k be a nonnegative integer. A holo-
morphic function F  n →  is called a Siegel modular form of weight
k+ 12 with degree n on nθ if F satisﬁes
F k+ 12MW  = detCW +D
−kjnMW −1FM
W  = FW 
where M
W  = AW + BCW +D−1 ∀M =
(
A B
C D
)
∈ nθ.
When the degree of F is equal to 1, we add the holomorphic condition
of F at all the cusps.
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The determinant differential operators played a role in the construc-
tion of Rankin–Cohen bilinear differential operators on the Siegel modular
forms of degree 2 [4, 6]. We deﬁne the determinant differential operator
n = det


2∂11 ∂12 · · · ∂1 n
· · · · · ·
· · · · · ·
∂n 1 · · · · 2∂n n

  (4.1)
where ∂uv = ∂/∂τuv, τ = τuv1≤u v≤n ∈ n.
Remark 4.2 [14]. Let F be in Mk+1/2n+jθ. The Fourier–Jacobi
expansion of FW  is given by
FW  = Fτ z τ′ = ∑
j=jt≥0
j half−integral
fj τ ze2πiσ
jτ′
where τ ∈Mn×n z ∈Mj×n τ′ ∈Mj×j and
fj τ z =
∑
T r
c
((
T 12 r
1
2 r
t j
))
e2πiσTτe2πiσrz
where T runs all half-integral semi-positive deﬁnite matrices in Mn×n
and r ∈Mn×j such that
(
T 1/2r
1/2rt j
)
≥ 0.
Remark 4.3. The heat operator Lj can be induced from the deter-
minant differential operator n+j using the Fourier–Jacobi expansions of
Siegel modular forms of degree n+ j; consider a symmetric matrix
W =
(
τ zt
z τ′
)
∈ n+j
where τ ∈Mn×n, z ∈Mj×n, τ′ ∈Mj×j.
We note that n = det∂/∂τ′ det∂/∂τ − ∂/∂zt∂/∂τ′−1∂/∂z,
since
det
(
τ zt
z τ′
)
= det
(
τ zt
z τ′
)(
In 0
−τ′−1z Ij
)
= det
(
τ − ztτ′−1z zt
0 τ′
)
= detτ′ detτ − ztτ′−1z
Let FW  be a Siegel modular form of degree n+ j with a Fourier–Jacobi
expansion of the form
FW  = ∑
j≥0
fj τ ze2πiσ
jτ′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Since
∂τ′uve2πiσ
jτ′ = 4πimµνe2πiσ
jτ′ j = mµν
we get
det
(
∂
∂τ′
)(
e2πiσ
jτ′) = ( det4πij)e2πiσjτ′
So, by applying the operator n+j ,
n+j
(
F
((
τ zt
z τ′
)))
= ∑
j>0
4πijj det
((
∂
∂τ
)
−
(
∂
∂z
)t( ∂
∂τ′
)−1( ∂
∂z
))
×fj τ ze2πiσ
jτ′
= ∑
j>0
4πij−nj1−nLj fj τ ze2πiσ
jτ′
We ﬁrst state the following result.
Lemma 4.4. Let F be a holomorphic function on n and k be a nonneg-
ative integer. Then, for each nonnegative integer  , each integer µ 1 ≤ µ ≤ n,
and ρµ as in Lemma 2.1, one has
( nFk+ 12+2 ρµM)W  =
 ∑
λ=0
(
 
λ
)
αn +  
αn + λ
(
2c
cwµµ + d
) −λ
× µµn  −λλnF k+ 12 ρµMW 
where αn = k + 12 − n−12 and W = w ν ∈ n, M ∈ 1θ. Here, 
µµ
n is
the differential operator given by the sub-determinant of n with the µth row
and µth column removed when n ≥ 2 and 1 1n = 1 when n = 1.
Proof. Using induction on  , it can be proved. So we omit the
details.
The following generalizes Bol’s result to the several variable functions.
Theorem 4.5 (Analogy of Bol’s Result to the Functions on n). Let F 
n →  be a smooth function and n even. Then, for any integer 1 ≤ µ ≤ n
and 0 ≤ r ∈ ,
r+1n Fr+ n−12 +2ρµM = 
r+1
n F −r+ n−12 ρµM
Here, n is the differential operator deﬁned in (4.1).
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Proof of Theorem 4.5. Substituting  = r + 1, k = −r − 12 + n−12 in
Lemma 4.4, we obtain the result.
The following corollary is an immediate consequence of Bol’s result in
Theorem 4.5 with Lemma 2.1.
Corollary 4.6 (Bol’s Result on Siegel Modular Forms). Let F be a
Siegel modular form of weight −r + n−12 and degree n on nθ. Then r+1n F
is a Siegel modular form of weight r + n−12 + 2 of degree n on nθ.
Remark 4.7. Theorem 4.5 also holds for any positive integer n, n even
or odd, if the slash operator is deﬁned properly. This means that Bol’s
result can be applied to the Siegel modular forms of higher genus on the
other groups such as on the full Symplectic group Sp2n. In particular,
Bol [2] originally studied the case when n = 1, so Sp2 = SL2, which
gave the motivation to study period theory of elliptic modular forms on the
full modular group (see, for instance, [9–11]).
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